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Abstract: Solving large combinatorial optimisation problems is often time
consuming, and thus there is interest in accelerating current algorithms by
building application specific computers. This paper focuses on accelerating
general local search meta-heuristics, such as simulated annealing and tabu
search, and presents an architecture for this class of algorithms. As a design
case study we describe a specific machine which implements a simulated
annealing based algorithm for solving the Travelling Salesman Problem
(TSP). This processor which is built with XILINX field programmable logic and APTIX interconnection matrices achieves a speedup of about 37
times over an IBM RS6000 workstation. The paper highlights the use of
reconfigurable memory as a key for obtaining high performance.

1. INTRODUCTION
Application specific computers (ASCs) differ from general purpose ones in that they
usually only solve a small range of problems, but often at much higher rates and lower
cost. Their internal structure is tailored for the particular problem, and thus can achieve
much higher efficiency and hardware utilisation than a processor which must handle a
wide range of tasks. Over the years, many ASCs have been built to address a wide range
of disciplines, ranging from image processing to encryption. In recent years, the advent
of programmable logic devices has made it much easier to construct complete systems,
and thus there has been much more interest in such machines [8, 11]. A recent conference series has been devoted to the field of custom computing machines [21, 22, 23, 24].
Combinatorial optimisation problems (COPs) can be solved by a number of algorithms, ranging from exact methods, like branch-and-bound, through to heuristic approximation schemes. Whilst exact methods are attractive because they return a result
which can be proved to be optimal, they often fail on large real world problems. Accordingly, heuristic methods are often used to find good solutions which can be applied in
practice. Good performance is achieved for a number of heuristics which are tailored

for particular problems, but a range of meta-heuristics are often used for solving general
problems. Simulated Annealing (SA) [36, 25, 14, 16, 26], Genetic Algorithms (GA)
[19] and Tabu Search (TS) [16, 18, 29] are examples of modern meta-heuristics [30].
These algorithms can be quite slow on large problems, thus there is interest in supporting their execution with high performance computer systems, such as vector and parallel supercomputers [1, 5, 6, 7, 15, 20, 27, 30, 1, 2, 12], and application specific machines
[15, 3, 32, 33].
In this paper we describe an architecture for an ASC which will can be used to implement a range of meta-heuristics, in particular simulated annealing and tabu search,
on a range of COPs. This type of machine is targeted at rapid prototyping and evaluation
of mathematical models. In this environment a user might prototype a model and wish
to iteratively refine the model across different data sets. Accordingly, we have chosen
a generic representation for COPs, and a set of neighbourhood operators which work for
a range of local search heuristics. The generic representation, which is based on list data
structures, allows a user to specify a problem in terms of a cost function and a set of
constraints, in a similar manner to other vector based optimisation systems like GAMS
[10] and AMPL.
To date, we have built a demonstration ASC which can solve COPs which have a
particular structure. We demonstrate its ability to implement simulated annealing on the
Travelling Salesman Problem (TSP). We then describe the changes which are necessary
to expand the range of COPs which can be solved.

2. COMBINATORIAL OPTIMISATION PROBLEMS
2.1 Representing and solving COPs
There are many ways of representing general COPs, however, it is usually possible to
express a problem in terms of minimising (or maximising) some function (f(x)) subject
to a set of constraints (g(x) > 0). In most COPs, the solution is often encoded with vectors of integers or binary variables.
When both functions, f(x) and g(x) are linear, then linear programming methods can
be used to solve the problem. A standard method of doing this is to repeatedly solve
continuous relaxations of the discrete problem using the simplex method within a
branch and bound search strategy [32]. This method has been applied to a very wide
range of problems over the years, but, in general, only works for linear problems. When
either or both of the functions are non-linear, or dis-continuous, as in the case of many
COPs, then the problems are much harder to solve.
Accordingly, a range of heuristics have been devised for solving particular COPs.
These heuristics move through the potentially enormous search space using local information to guide the choice of move. In this paper we consider simulated annealing and
tabu search, which make use of local information plus randomisation to move. One of

the advantages of these meta-heuristics is that they can be applied to a wide range of
problems without building in special knowledge about the problem structure. However,
even though the search algorithm is general, in most cases, it is still necessary to write
a specific program for each different problem, because the data structures vary widely
between problems. In the next section we introduce a list based representation which
can be used to model a range of problems. Using this general list structure we then develop a set of local search heuristics which can be used on a wide range of problems.
2.2 A List Representation
Many combinatorial optimisation problems can be expressed as some form of assignment of elements to a number of different groups. A very natural representation of the
above is to use a dynamic list data structure which records the elements mapped to each
group. A local search process then consists of a number of transitions, in which elements are moved between groups. Because the list structures are dynamic, they grow
and shrink as the solution is modified. Such a representation can eliminate some of the
complex encoding required by other systems such as 0-1 ILP (Integer Linear Program),
which require a number of constraints for enforcing the encoding over and above the
normal problem constraints.
The exact data structures required vary depending on the problem, however, in general the items being assigned are stored in data cells which are linked together. For example, if items are being assigned to a position in solution space, then an ordered list of
items can be maintained, in which the ordinal of the cell represents its position. Further,
if more than one item is assigned to a given position, then these can be linked into a list,
which is then linked into the position list. Accordingly, multiple nested lists can be used
to represent the solutions to a wide range of problems.
The simplest way to illustrate the list coding technique is to consider an example. In
the Generalised Assignment Problem (GAP) [28], a set of jobs must be assigned to a set
of agents. Jobs are assigned subject to a number of capacity constraints, such that the
cost is minimised. Using a list notation, a solution for a 5 agent, 15 job problem is shown
in Figure 1.
In this example, job 4 is assigned to agent 3 and job 13 is assigned to agent 5 etc.
Agents are linked together so that the solution can be represented by a single list pointer
to agent 1. The objective function is to minimise the total cost of assigning the jobs to
the agents (or more generally elements to group) subject to constraints which specify
that the agent capacities must not be exceeded, which is described by equations (1), (2)
and (3). Equation (1) measures the cost of assigning jobs to agents. Equation (2) specifies that the agents have fixed capacities, and equation (3) specifies that a job can be
mapped to only one agent.

Agent 1

Job 1

Job 3

Job 5

Agent 2

Job 9

Job 2

Job 10

Agent 3

Job 4

Job 6

Job 8

Agent 4

Job 11

Job 15

Agent 5
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Fig 1. Sample list representation
M

minimise

xi

∑ ∑ C ( xij, i )

(1)

i = 1j = 1
xi

∑ a ( xij, i ) ≤ b ( i )

1 ≤ i ≤ M (2)

j=1

x ij ≠ x km
Where:

( 1 ≤ i, k ≤ M )
i≠k

( 1 ≤ j ≤ xi )
( 1 ≤ m ≤ xk )

(3)

xij is the jth job performed by agent i
C(ϕ,α) is the function that returns the cost of assigning job ϕ to agent α
M is the number of agents
|xi| is the size of the sub-list at position i
a(ϕ,α) is the amount of resource required for agent α to process job ϕ
b(α) is the capacity of agent α

The important features of this representation are that it is possible to represent a very
wide range of common combinatorial optimisation problems, and as discussed in 2.4,
a simple set of operators can be used to explore the neighbourhood of a given solution.
This latter attribute makes the implementation of the algorithm feasible in hardware,
and thus makes it possible to develop an application specific computer for solving
COPs.
2.3 Local Search over Lists
Most local search algorithms can be summarised by a simple template which involves
iterative updating of a feasible solution. The differences between the algorithms tend to

be in the way they define a neighbourhood of potential solutions, and the rules for updating the current solution. The following skeleton describes the basic operations of a
local search algorithm:
X = Generate Initial Feasible Solution ()
Repeat
Move = Select a Move from Neighbourhood (X)(1)
X’ = Apply Move(X,Move)(2)
∆C = Compute Change in Cost (X, X’, Move)(3)
If accept then X = X’(4)
Until
Stopping Condition
The key calculations which are performed repeatedly by this algorithm are the generation of a move in the neighbourhood of the current one (1); application of the move
to compute a new position, X’ (2); the computation of the difference in cost between the
new solution and the previous one (3), and whether to accept the change (4).
In simulated annealing the neighbourhood is a random perturbation of the current
state [14, 16]. For example, it may be computed by choosing a random element of the
solution, and changing it to another value. Step (4) is computed by evaluating Boltzmann’s equation and comparing the probability of acceptance to a randomly chosen value between 0 and 1. Step (3) is typically problem dependent, as discussed in the
previous section.
In Tabu search, steps (1), (2) and (3) are repeated for the entire neighbourhood of the
current solution. In general, the acceptance rule is to accept the best of all of the neighbours of the current solution. However, a special list, called a tabu list, is maintained
which holds some of the recent moves of the algorithm. If a potential move is in the tabu
list then it is not selected, which prevents the algorithm from cycling through previous
solution states, and also introduces some randomness into the search.
2.4 List Neighbourhood Operators
One of the most attractive features of the list representation discussed in section 2.2 is
that relatively few transition operators are required to generate the neighbourhood. Further, the transition operators that can be applied for a particular problem can be chosen
based on the types of the constraints and the cost function.
To date, our research has identified four main transition operators which are sufficient to solve a wide range of problems. The operators are:
Move

An item is moved from one list to the end of another list.

Swap

The position of two items, from the same or different lists,
are swapped.

Inversion

The sequence between two items on the same list is reversed.

Reposition

The position of an item in a list is changed.

Importantly, the range of operators which can be applied to a particular problem can
be determined based on the constraints which are specified. For example, if the constraint of the type x i ≠ x j is specified, then the swap or the inversion operators can be
applied to reorganise the solution without violating these constraint.
It is possible that more than one operator may be applied to a given problem. For example, the move operator takes an item off one list and relocates it to the end of another.
If the solution quality depends on order as well as position, then it might also be appropriate to apply the reposition operator, or the swap operator as well as the move. Importantly, each of these can be implemented using simple list management operations.

3. AN ARCHITECTURE FOR LOCAL SEARCH
In this section we describe an architectural template which is capable of applying the
generic local search heuristic outlined in section 2.3 to a range of problems represented
by lists. Figure 2 shows a basic machine structure, incorporating:
1.
2.
3.
4.
5.
6.

a unit for storing the current solution,
a unit for storing the new solution,
an update unit,
a change in cost generator,
a neighbourhood generator and
a unit for applying a move

The current solution is stored in high speed memory (1) and it is modified by the apply move unit (6). The neighbourhood generator (5) is responsible for deciding what
type of local transition to perform and for generating the move. The output is a move
type descriptor, which incorporates the kind of move and a set of index values. The
change in cost unit (4) computes a change in cost based on the current solution and the
new solution (2). If an incremental computation is possible it may also use the description of the move rather than recomputing the cost of the new solution ab initio. The update unit decides how to update the current solution. In Simulated annealing, it
evaluates Boltzmann’s equation decides whether to update the current solution. In Tabu
search, it may store the best move which is not tabu. The architecture in Figure 2 implies
that the new solution is copied to the old one, however, it is also possible to apply the
move directly to the old solution. In the example considered later in the paper this optimisation means that a fast update of the solution can be applied.

Solution List

Apply
Apply move
Move

New Solution List

X’

X

Neighbourhood
Generator

Change in Cost
Generator

Update Unit

Fig 2. An Architecture for local search
An important feature of the machine in Figure 2 is that every unit except the changein-cost generator can be generic across all problem descriptions. The change-in-cost
generator must be able to compute the cost change which occurs as a result of a move.
In one form it might re-evaluate the cost function for the new solution and subtract this
from the current cost. However, for many problems it is possible to write an incremental
cost formula which only uses the existing solution and the move descriptor to compute
a change in cost. Because the cost function varies widely across problem type, it must
be altered for each problem. In the next section we illustrate the type of function which
can be written for the travelling salesman problem, and show how this can be efficiently
supported by a set of nested memory devices.

4. A MACHINE FOR THE TRAVELLING SALESMAN
4.1 Mapping the TSP
In this section we present the design of a machine which can solve the Travelling Salesman Problem (TSP) using a simulated annealing search heuristic [9, 25]. TSP can be
defined using the list representation of section 2.2 as follows:
N

∑ d ( xi, xi – 1 ) + d ( x N, x1 )

minimise

i=2

subject to:

xi ≠ x j

( 1 ≤ i, j ≤ N )

i≠ j

Where:
xi is the ith city on the tour
d(c1,c2) is the distance between city c1 and city c2
An important feature of this representation of the TSP is that it is possible to move
through the search space either by swapping entries in the list, or by reversing a sub list.
In this paper we will use the swap operator because it simplifies the problem representation and improves the parallelism in the cost computation, although, overall, it requires more hardware to compute the change in cost.
It is possible to compute an incremental change is cost when city i is swapped with
city j, using the following formula:

∆C = ( d ( x i, x i – 1 ) + d ( x i, x i + 1 ) + d ( x j, x j – 1 ) + d ( x j, x j + 1 ) ) (4.1)
– ( d ( x j, x i – 1 ) + d ( x j, x i + 1 ) + d ( x i, x j – 1 ) + d ( x i, x j + 1 ) ) (4.2)
xi-1 d(xi,xi-1)

d(xj,xi-1)

xi

d(xi,xi+1)

d(xi,xj+1)

xi+1

d(xj,xi+1)
d(xj,xi+1)

xj+1 d(xj,xj+1) xj

d(xj,xj-1)

xj-1

Fig 3. Effect of swapping two cities

Figure 3 shows the effect of swapping two cities, and explains the terms in equations
4.1 and 4.2. Since xi and xj are swapped, it is necessary to compute the distance to the
cities which are adjacent, namely xi-1, xi+1, xj-1 and xj+1. After the swap, city xi is adjacent to city xj-1 and xj+1, and city xj is adjacent to cities xi-1 and xi+1.
Whilst it is possible to evaluate this expression sequentially, it is faster to evaluate in
parallel using an adder tree, as shown in Figure 4. In this diagram each of the 4 distance
terms is added using a set of integer adders, and the old cost is subtracted from the new
cost in one final step. Clearly, this arrangement can add the 8 numbers using 3 adder
delays rather than 8. The scheme could be made even faster if necessary by using carrysave adders.

+

+

+

+

+
+

Fig 4. Adder tree for evaluating change in cost for TSP

Figure 5 shows the design of a machine which solves the TSP. As in Figure 2 it contains memory for storing a solution (A), a unit for generating a move (B), a unit for computing the change in cost (C) and an update unit which applies the Boltzmann equation
(D).
Unit (B) is responsible for generating two city indexes, and for computing the neighbourhood of the cells. It does this by generating two different random numbers between
0 and N-1, and then computing the increment and decrement of each number modulo
N. These 6 numbers are used as direct indexes for the tour memory (X), which is held
in unit (A). If the change in cost is computed sequentially then only one copy of X is
required. However, in order to use the adder tree shown in Figure 4 to add the distance
measures in parallel, it must be possible to read the cities at each of the 6 positions concurrently. Accordingly, Unit (A) provides 6 identical copies of the X memory. The distances between adjacent cities is computed in two different ways. The terms in equation

4.1 pertain to part of the current tour, and those in equation 4.2 relate to the part in the
new tour. It is not strictly necessary to recompute the terms of equation 4.1 because
these can be stored from the last update of that section of the tour. In Unit (C) the parts
of the old tour are stored in 4 identical copies of an inter-city distance memory, d. The
four copies of d are indexed by i-1, i, j-1 and j to provide the distances between cities at
position i-1 & i, i & i+1, j-1 & j and j & j+1. The inter-city distances in the new tour are
computed by 4 lookup tables, D. Each D memory is addressed by the concatenation of
two city identifiers, and presents the distance between those two cities. This approach
works well for small problems because it avoids the need to compute the euclidian distance between cities. For larger problems we plan to explore alternative distance computation hardware. Each of the 8 distances is then presented to the adder tree and a
change in cost is computed.
The change in cost is presented to the update unit (D), which evaluates Boltzmann’s
equation to decide whether the swap should be accepted. If ∆C is negative, then it is accepted without any further computation. However, if ∆C is positive, the expression
exp(-∆C/T) is evaluated. To avoid having to calculate an exponential function, a lookup
table containing the values of exp(-∆C/T) for various different values of ∆C is used. The
table is reloaded each time the temperature is changed, which only occurs at the end of
a Markov chain after several thousand swaps. This scheme was used in [3] and was
quite successful because the table values for the next Markov chain can be computed by
the host workstation in parallel with the execution of the current Markov chain.
If a swap is accepted, then the various memories must be updated accordingly. Cities
at locations i and j must be swapped in the X memories, which takes two separate write
operations. Since all copies of X are identical, it is possible to write to them all concurrently. Likewise, the d memories must be updated with the new inter-city distances, and
4 writes are required. Since the D memories store the distances between all possible cities, they need not be updated.
4.2 Implementation
The TSP machine is currently implemented on an Aptix AP4 reconfigurable logic
board, containing a number of Xilinx XC4010 FPGAs and Aptix interconnection chips.
The design is partitioned across 2 x XC4010s and a number of memory devices. The
adder tree and update unit currently occupy one FPGA, and the remainder of the logic,
including a finite state machine for control, is implemented in the other. The main requirement for splitting the design across FPGAs was due to pin limitations on the
XC4010s rather than insufficient logic on the devices.
One of the more interesting features of the design is the split between high speed
memory and logic. Whilst all of the logic can be accommodated on two FPGAs, a
number of memory devices are required to store the multiple copies of the solution list
and the distance matrix. Since the Xilinx FPGAs are not suitable for implementing large
memories, we built a number of memory modules which can be inserted into an FPGA

i
Random
Swap
Generator

i+1
i-1
j+1
j-1

Inc
Dec

j
(B)

(C)
Xi

Xj+1

(A)
D

D

D

D

d(j,j+1)

Xj-1

d(j,j-1)

Xi+1

d(i,i+1)

Xj

d(i,i-1)

Xi-1

Adder Tree
∆C

exp(-∆C)/T

Comp?

Rand

Accept

(D)

Fig 5. Architecture for solving the Travelling Salesman Problem
socket. Each module contains 5 x 128k x 8 bit, 20 nano-second, static memories and utilises about 150 pins on the FPGA pin grid array. The modules are then plugged into the
AP4 board in place of FPGAs, and are interconnected using the Aptix switches. The design has highlighted the need for reconfigurable memories as well as logic in order to
achieve high performance, which has been discussed elsewhere in the literature [11].
Due to limitations on the size of the D memories, the current system can only solve
TSPs up to 256 cities. However, we envisage larger systems if different distance matrix
implementation techniques are used.
The design is specified in a mix of schematic circuits and VHDL, which is then synthesised using the Autologic 2 tools from Mentor Graphics. Partitioning is performed
by the Xilinx Foundary tool set, however, we found it necessary to provide information
based on our knowledge of the problem to assist the partitioner.
Table 1 summarises the expected performance of the implementation based on detailed simulation results. This shows that the architecture should achieve a speedup of
about 37 times over an RS6000 Model 590 workstation. We expect to improve the per-

formance significantly by tuning the design of the finite state machine which controls
the system.
Table 1: Hardware and Software times
Average
Time per
iteration

Implementation

Software - IBM RS6000

13 µsecs

Hardware

0.35 µsecs

Speedup over RS6000

37 times

Table 2 shows the performance of the software implementation of the algorithm in a
range of problems taken from TSPLIB [31]. It can be seen that the SA algorithm
achieves optimal results on most problems. In the case of problem 3, the algorithm
achieves a result within 0.09% of optimal but only after 9 hours of run time.
Table 2: TSP Problems and performance of algorithm

Problem

Number
of Cities

Optimal
Cost

Average
time for 20
runs (s/w)
(Second)

Average
Gap (%)

Best Gap
(%)

1

14

26

<1

0

0

2

29

9063

45

0

0

3

48

33503

33609

0.32

0.09

4

52

7526

37

0

0

5

70

652

368

0

0

6

96

468

176

0

0

5. CONCLUSIONS AND FURTHER WORK
In this paper we have described a generic architecture for solving a range of combinatorial optimisation problems, and have illustrated it with a specific solution to the travelling salesman problem. Currently, the general architecture acts more as a template for
designing a number of specific machines, rather than as an architecture which can be
used to solve a range of problems without modification. Given the experience of designing the TSP machine, we are confident that it is possible to model a range of problems

in a generic form and then build one machine which can solve any of them. Specifically,
a generic list structure memory will need to be developed, and a move generation unit
which builds a move descriptor, as discussed in section 3. Also, the change in cost computation must be tailored for each problem, and thus a compiler will need to be developed for translating change in cost expressions into hardware. We plan to continue
research in this area.
Further, we have only discussed the specific details of simulated annealing in the TSP
machine. We are planning to implement a version of the machine which uses Tabu
search, which will require the implementation of a Tabu memory as discussed in section
2.3. We plan to experiment with some different associative memory designs for tabu
memories.
The implementation of the TSP machine highlighted a number of features of reconfigurable machines, most importantly, the need for reconfigurable memory devices. Accordingly, we built a memory unit which ‘appeared’ to our reconfigurable hardware as
a FPGA, and thus we were able to take advantage of the Aptix switch hardware to connect the memories to the logic devices in a flexible way.
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